In this work, it is shown that a Riemannian complete shrinking Yamabe soliton has finite fundamental group and its first cohomology group vanishes.
Introduction
Geometric flows are not only applied in physics and mechanics but also has many real world applications. The Yamabe flow was introduced by R.S. Hamilton in order to solve Yamabe's conjecture, stating that any metric is conformally equivalent to a metric with constant scalar curvature, cf., [4] . This fact can be used to deform an arbitrary metric into a metric, which determines topology of the underlying manifold and hence innovate numerous progress in the proof of geometric conjectures. Yamabe flow is an evolution equation on a Riemannian manifold (M, g) defined by ∂g ∂t = −Rg, g(t = 0) := g 0 , where R is the scalar curvature. Under Yamabe flow, the conformal class of a metric does not change and is expected to evolve a manifold toward one with constant scalar curvature. Yamabe solitons are special solutions of the Yamabe flow and naturally arise as limits of dilations of singularities in the Yamabe flow. Let (M, g) be a Riemannian manifold, a triple (M, g, V ) is said to be a Yamabe soliton if g satisfies the equation
where V is a smooth vector field on M , L V the Lie derivative along V and λ a real constant. A Yamabe soliton is said to be shrinking, steady or expanding if λ > 0, λ = 0 or λ < 0, respectively. If the vector field V is gradient of a potential function f , then (M, g, V ) is said to be gradient and (1.1) takes the familiar form
The Yamabe soliton is said to be compact (resp. complete) if (M, g) is compact (resp. complete). It is well known the scalar curvature of any compact gradient Yamabe soliton is constant, cf., [2, 5] . A complete shrinking gradient Yamabe solitons (resp. Ricci soliton) under suitable scalar curvature (resp. Ricci tensor) assumptions have finite topological type, cf., [8] (resp. cf., [3] ). We note that the Yamabe flow has some similarities to Ricci flow. Moreover, as Ricci solitons are special solutions of Ricci flow, Yamabe solitons are special solutions of Yamabe flow. It is natural to ask whether classical results for Ricci soliton remain valid in the Yamabe soliton case. Lott has shown that the fundamental group of closed manifold M is finite for any gradient shrinking Ricci soliton, cf., [7] . As shown by A. Derdzinski, every compact shrinking Ricci soliton has only finitely many conjugacy classes, cf., [1] . Fernández López and García Río have proved that a compact shrinking Ricci soliton has finite fundamental group, cf. [6] . Moreover, Wylie has shown that a complete shrinking Ricci soliton has finite fundamental group, cf. [9] . Here, inspiring their works we give a positive answer to the above natural questions on Yamabe soliton. In the present work, it is shown that if a complete Riemannian manifold (M, g) satisfies the following inequality, then its fundamental group is finite and the first cohomology group vanishes.
where, λ > 0 and V = v i (x) ∂ ∂x i is a vector field on M . Specially the shrinking Yamabe soliton has finite fundamental group and vanishing first cohomology group. Moreover, the sphere bundle of complete shrinking Yamabe soliton has finite fundamental group.
An estimation for the distance function
Let (M, g) be a Riemannian manifold. For a (m, n)-tensor field Ω define
For any point p ∈ M we define
A piecewise C ∞ variation of γ(s) is a continuous and piecewise smooth map γ(s, t) from R into M such that γ(s, 0) reduces to the given γ(s). Their velocity fields give rise, respectively, to the two vector fields T := γ * ∂ ∂s = ∂γ ∂s and U := γ * ∂ ∂t = ∂γ ∂t , where T, U ∈ T γ M . Now, let γ(s), s ∈ [0, ρ], be a geodesic parameterized by the arc length s. The second variation of arc length in Riemannian geometry is expressed by
where
) be a complete Riemannian manifold, p and q two points in M such that ρ := d(p, q) > 1 and γ the minimal geodesic from p to q parameterized by the arc length s, then 1 2
be a parallel orthonormal frame where E n := γ ′ (s). Since γ is minimal geodesic, it has minimal length in its free homotopy class and
For any real piecewise smooth function of one variable φ with φ(0) = φ(ρ) = 0 and U = φE i , the second variation of arc length (2.2) yields
This implies
3), we get the following estimate
On the other hand, the Cauchy-Schwarz inequality yields
Hence we have
By means of (2.5) and (2.6) we have
By decomposition (2.7) we have 
By definition of φ, Equation (2.8) reduces to
Ric(γ(s)) ds
Adding ρ 0 Ric(γ(s)) ds to both sides of (2.9) yields
The minimizing geodesic γ yields d(p, γ(s)
I p , where 0 s 1. Therefore, 0 φ 1 leads
Similarly, the minimizing geodesic γ yields d(γ(s), q) = ρ − s. Hence d(γ(s), q) 1 for ρ − 1 s ρ and consequently Ric(γ(s)) I q . This follows that ρ ρ−1 
On the other hand, by metric compatibility in Levi-Civita connection we have along the geodesic γ
Replacing (2.15) in (2.14) we have
By means of (1.2) and (2.16) we get
Since γ is parameterized by arc length, g(γ ′ , γ ′ ) = 1. This implies
Integrating both sides of the last equation leads to
On the other hand, using of the Cauchy-Schwarz inequality we have 
Ric ds λρ
The Cauchy-Schwarz inequality yields |g(V,
Replacing (2.20) in (2.19) we have
By means of (2.21) and Lemma 2.1 we have
Finally, we get
This completes the proof.
The fundamental group of shrinking Yamabe solitons
Let M be a connected smooth manifold. There exists a simply connected smooth manifoldM , called the universal covering manifold of M , and a smooth covering map p :M −→ M such that it is unique up to a diffeomorphism. A deck transformation on universal covering manifoldM is an isometry h :M −→M such that p • h = p. The group of all deck transformations on a universal covering manifoldM is isomorphic to the fundamental group π 1 (M ) of M . 
By linearity of p * we get
By means ofṼ = p * V and properties of Lie derivative we obtain
On the other hand, p is a local isometry and we haveR = p * R, whereR is the scalar curvature of Riemannian manifold (M ,g).
Therefore by replacing (3.2) in (3.1) we get 2Rg + LṼg 2λg.
Our universal covering (M ,g) is geodesically complete because (M, g) is so. In fact, letγ(t) be any geodesic emanating from some pointx ∈M at t = 0. Put γ(t) := p(γ(t)). Hence γ(t) is a geodesic because (M ,g) and (M, g) are locally isometric. By completeness assumption of geodesics on (M, g), γ(t) is extendible to all t ∈ [0, ∞). The said local isometry now implies the same forγ(t). Hence the universal covering (M ,g) is geodesically complete. Let h be a deck transformation onM andx ∈M . By definition h :M −→M is an isometry and the balls Bx(1) and B h(x) (1) are isometric. Therefore (2.1) yields Ix = I h(x) and Ṽx = Ṽ h(x) . By means of Theorem 2.2 for the pointsx and h(x) we get
for any deck transformation h. Thus the set p −1 (x), where x = p(x), is bounded. Using the geodesically completeness and Hopf-Rinow's theorem, the closed and bounded subset p −1 (x) ofM is compact and being discrete is finite. By assumption, M is connected, so all of its fundamental groups π 1 (M, x) are isomorphic, where x denotes the base point. SinceM is a universal covering, π 1 (M, x) is bijective with p −1 (x) and therefore π 1 (M ) is finite. By a well known theorem the first cohomology group H 1 dR (M ) = 0. This completes the proof.
In special cases we have the following corollaries. is exact. SinceM is simply connected, π 1 (M ) = 0. We know that π 1 (S n−1 ) = 0. Thus by (3.3) we get π 1 (SM ) = 0. One can easily check that p * : SM −→ SM is a smooth covering map. Therefore SM is the universal covering manifold of SM . According to the proof of Theorem 3.1, p −1 (x), ∀x ∈ M , is a finite set and consequently p −1 * (y) ⊆ x∈p −1 (x)
SxM , ∀y ∈ S x M , is compact and being discrete is finite. Thus the fundamental group π 1 (SM ) is finite and therefore H 1 dR (SM ) = 0.
